Abstract. From the perspective of the well-known identity
Introduction
In a recent paper [2] , applying Parseval's identity to a Fourier series and the contour integral to a generating function, D. Borwein In this paper, we will approach the infinite series of this type from a different angle. In addition to providing a different proof to (i), we also derive the following identities of a similar nature:
«_ g<^&H' Essentially, the key ingredient of our paper is based on the following wellknown identity [5, p. 282] We will view the quantities in both sides of the above identity as analytic functions of the variable a . Then, by equating the coefficients of their power series, we obtain a collection of identities, and among them are (iv) and (v). In Section 2, we will treat the special case in which a = b and c = 1 due to its unusual simplicity. The general case is treated in Section 3.
Proofs of identities
We begin with the familiar binomial theorem n=0 where (a)" = a(a + \)(a + 2) • • • (a + n -1). Letting a be real and z = re'6 , 0 < r < 1, we obtain from Bessel's equality that (2) 2^r'i|i-r^r2tt^=£(^L)2'"2n-From now on, we restrict ourselves to the case a < 5 in which the integral in (2) remains finite when r = 1 . Now letting r -> 1~ , we obtain
Since 11 -e'e \ = 2 sin § , we have fn\l-e,e\-2ttde = 2-2" I K shT2" % dd = 2~2a+2 [2sin-2addd
= 2-2n+1v^rQ-aW(l-a).
Thus, we have, for a < \ ,
In the following discussions, we will view the three quantities of the above identity as functions of a; in particular, we note that they are analytic at a = 0 and, thus, can be expressed in terms of the power series at a = 0.
We begin with the integral in (4) by writing
Next, we deal with the third quantity in (4). Let
Since T(\) = y/n, it is easy to see that ao = 1. Our immediate goal is to deduce the following simple recursion formula for an:
So the coefficients of f(z) are essentially the sums of the products of £(«).
The derivation of (6) hinges on the following identity:
Before proving (8), we first see that (6) can be derived from it as follows:
And equating the corresponding coefficients readily yields (6). We now prove (8). First we recall that the Riemann zeta function £(s) satisfies (9) £_^=(i_^)C(5))forRe5>l.
n=0
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We note that co) e(^-^)^EoG^t-^) = ^.
We also need the following power series expansion at z = 0: This completes the proof of (8).
We now come to the infinite sum in (4). We note first that (a)" = YlkZo(a+k) is a polynomial of degree n in a, and it is often written as « (14) (a)" = 5>£afc, To obtain a recursion formula for sk , we differentiate (14) logarithmically and repeat the same argument as we did earlier for the derivation of (8). Then (5), (7) and (18) the following Corollary.
(20) ^-/" "ln|l -ei0\dO = O, 2tt Jo In the next section, we will provide a different proof of (i).
Further extensions
In this section, we will apply the method developed in the previous section to the identity (1) to obtain additional identities. Since the procedures are identical, we will omit all the details. As before, we regard quantities in (1) as functions of a and the goal is to obtain their power series expansions at a = 0. From (28) and (29), we have the recursion formula for an :
In particular, by equating the coefficients of (27) and (28), we obtain To end this paper, we note that in [2] the Borweins also proposed to sum the following series involving alternating harmonic terms (33) E(^E-')4^)2.
n=l \ k=l I
Currently, the nature of this sum is not known. We comment that one way to generate the terms involving the alternating series Y?k=x(-l)k\ is to consider a^^.-^^K.-^-O-^)
-'(sl'-"'")--So to be able to use our approach, we need a version of (1) for the serieŝ Jh-i + ^^r.A 4^\ \,b,c 'lJBut this seems highly unlikely. Thus, from the perspective of the hypergeometric series, the problem of determining the exact nature of the sums involving the alternating harmonic terms seems very formidable!
